The P e m s y l v a n i a S t a t e U n i v e r s i t y , U n i v e r s i t y Park, P A 16802, U.S.A. '~e p a r t m e n t o f P h y s i c s , Altoona Campus, The P e m s y l v a n i a S t a t e U n i v e r s i t y , Altoona, PA 16603, U.S.A. ~é s u m é -Une analyse electrohydrostatique du modele du cone d e Taylor u t i l a n t a l a f o i s l e s c r i t e r e s d e Taylor e t d e Zeleny f a i t r e s s o r t i r p l u s i e u r s contrad i c t i o n s . On peut montrer qu'un t r a i t m e n t dynamique de l a geometrie d'equil i b r e e t d e l a s t a b i l i t y peut en résoudre l e s c o n t r a d i c t i o n s apparentes. Et precisement, en u t i l i s a n t l ' e q u a t i o n electrodynamique l i n e a r i s e e t d e s c o r r e c t i o n s au 1 s t ordre, on montre qu'au s e u i l d ' u n s t a b i l i t e l e cone prend une forme, "cuspidale". La tension c r i t i q u e d e s e v i l d ' i n s t a b i l i t e e s t obtenue pour l e gallium a p a r t i r de l a r e l a t i o n d e dispersion. M valeur c a l c u l e e de 5.8 kV correspond bien aux mesures experimentales de-4-7 kV. Enfin, l e c a r a c t e r e t r e s l o c a l i s e de l l i n s t a b i l i t e e s t en accord avec l e s observations experimentales obtenues en TEM par Sudraud, e t . a l .
INTRODUCTION
For t h e p a s t s e v e r a l years, we have been i n v e s t i g a t i n g i n a systematic and rigorous way some of t h e b a s i c physics of conducting f l u i d s i n strong e l e c t r i c f i e l d s t 5 f .
The ultimate o b j e c t i v e of t h i s study i s t o help explain t h e mechanism f o r i o n (and n e u t r a l ) emission from a f i e l d emission l i q u i d metal i o n source (LMIS).
In t h i s study t h r e e s p e c i f i c questions a r e addressed:
1. What i s t h e evolution of t h e dynamical equilibrium shape of the l i q u i d metal e l e c t r o d e with applied f i e l d ?
2.
When and how does i n s t a b i l i t y occur (i.e., breakdown o r d i s i n t e g r a t i o n of t h e l i q u i d e l e c t r o d e , r e s u l t i n g i n emission)?
3. what i s t h e s p e c i f i c mechanism f o r ion formation?
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The answer t o t h e f i r s t , and a l s o t o a l a r g e e x t e n t t h e second q u e s t i o n , r e q u i r e s a macroscopic theory using f l u i d mechanics and e l e c t r o s t a t i c s . The p h y s i c a l model(s) and a n a l y s i s required t o answer t h e l a s t question a r e microscopic. and use quantum physics.
I t is obvious t h a t a r e l a t i o n s h i p e x i s t s between t h e quantum mechanism f o r i o n formation and t h e 'macroscopic' f l u i d shape. Although this w i l l n o t be discussed h e r e , some i n i t i a l r e s u l t s r e l a t i n g t o t h e f l u i d shape and i o n formation w i l l be publ i s h e d elsewhere.
I n t h e c u r r e n t paper, we s h a l l be concerned with t h e macroscopic p a r t of t h e problem, s t a t e d i n q u e s t i o n s one and two.
S p e c i f i c a l l y , we have used a f u l l electrohydrodynamic (EHD) theory t o c a l c u l a t e t h e dynamical shape of a threedimensional e l e c t r i f i e d f l u i d a t t h e o n s e t of i n s t a b i l i t y . The r e s u l t s a r e applied t o a G a LMIS and both q u a l i t a t i v e and q u a n t i t a t i v e agreement a r e found with experimental observations. The dynamical a n a l y s i s a l s o r e s o l v e s c e r t a i n c o n t r a d i c t i o n s and incons i s t e n c i e s i n t h e Taylor cone model.
In s e c t i o n II, we d e s c r i b e b r i e f l y t h e macroscopic h y d r o s t a t i c and hydrodynamic concepts of i n s t a b i l i t y .
The r e s u l t s of t h e e l e c t r o h y d r o s t a t i c a n a l y s i s a r e summar i z e d i n Section III. The electrohydrodynamic c a l c u l a t i o n s a r e o u t l i n e d i n Section I V , and r e s u l t s and conclusions presented i n Section V.
II. MACROSCOPIC DESCRIPTION OF INSTABILITY
An e x a c t theory f o r t h e o n s e t of i n s t a b i l i t y , o r breakdown of a f l u i d s u r f a c e , would t r e a t t h e problem dynamically, using t h e complete s e t of EHD equations. I n p r i n c i p l e , t h e s e t of equations would be solved, f o r a p p r o p r i a t e boundary c o n d i t i o n s , from z e r o f i e l d t o t h e c r i t i c a l v o l t a g e when i n s t a b i l i t y i n t h e f l u i d occurs. For convenience, we d e f i n e two l i m i t i n g regimes f o r an i n s t a b i l i t y :
The e l e c t r o h y d r o s t a t i c l i m i t :
This i s c h a r a c t e r i z e d by low f i e l d s and small f l u i d v e l o c i t i e s . I n t h i s regime, a q u a s i -s t a t i c equilibrium shape i s assumed t o e x i s t . ~y q u a s i -s t a t i c , we mean t h e f l u i d s u r f a c e deforms i n response t o t h e e l e c t r i c f i e l d , b u t t h e f l u i d i s s t a t i c . I n this l i m i t , t h e equilibrium s u r f a c e of t h e f l u i d s a t i s f i e s t h e Laplace-Young s t r e s s balance c o n d i t i o n (LY):
where t h e n o t a t i o n i s s t a n d a r d , and Ap=constant#O, i n general. P h y s i c a l l y , an i n s t ab i l i t y occurs i f t h e outward d i r e c t e d s t r e s s e s a r e equal t o o r g r e a t e r than t h e inward s t r e s s e s . Equation 1 can be solved a n a l y t i c a l l y i n some c a s e s [ 2 ] , and numericall y i n o t h e r s [ l , 2 ] f o r q u a s i -s t a t i c equilibrium shapes. By applying a c r i t e r i o n f o r t h e s t a b i l i t y of t h e s o l u t i o n ( s e e t h e following d i s c u s s i o n ) , one can s o l v e f o r Vc, t h e c r i t i c a l o r t h r e s h o l d voltage f o r breakdown i n t h e s t a t i c ( o r q u a s i -s t a t i c ) model, This i s an important parameter, s i n c e it can be compared with e x p e r i m e n t s [ î l . I t i s e s s e n t i a l t o know whether t h e shape determined from t h e s o l u t i o n of ~q u a t i o n 1 i s s t a b l e . * W e have used two c r i t e r i a to analyze t h e s t a b i l i t y of h y d r o s t a t i c equilibrium shapes. Given i n r e v e r s e chronological o r d e r i n which they f i r s t appeared, they a r e t h e ~a y l o r [ S ] and Zeleny[6] s t a b i l i t y c r i t e r i a . W e b r i e f l y consider each of them :
( i ) Taylor s t a b i l i t y c r i t e r i o n : In t h e Taylor model[51, i t i s assumed t h a t f o r
equilibrium a c r o s s t h e f l u i d i n t e r f a c e , t h e e l e c t r i c a l s t r e s s i s balanced by t h e mechanical o r s u r f a c e t e n s i o n s t r e s s , s o t h a t Eq. 1 becomes:
has been used i m p l i c i t l y by T a y l 0~[ 5 1 and o t h e r s a s a s t ab i l i t y c r i t e r i o n i n t h e a n a l y s i s of LMIS[7], it i s , i n f a c t , o n l y a l i m i t -
As i s well known, "...There must be an e x a c t s o l u t i o n of t h e equations of f l u i d dynamics f o r any problem with given s t e a d y e x t e r n a l conditions;...yet n o t every s o l u t i o n of t h e equation of motion, even i f i t i s e x a c t can a c t u a l l y occur i n Nature. The flows that occur i n Nature must n o t o n l y obey t h e equations of f l u i d dynamics, b u t a l s o be stable."[41 i n g c a s e f o r an equilibrium c o n d i t i o n [ 2 ] . Furthermore, i t i s v a l i d only f o r one s p e c i a l shape of t h e f l u i d , w i t h A p =~ and a s p e c i a l form of t h e counter-electrode, a r e s u l t recognized by s e v e r a l o t h e r groups [8, 9] .
(ii) Zeleny s t a b i l i t y c r i t e r i o n : Formally, t h i s c r i t e r i o n s t a t e s t h a t t h e f i r s t d e r i v a t i v e of t h e s t r e s s e s ( S ) with r e s p e c t t o a c o o r d i n a t e , Say f3, c h a r a c t e r i z i n g t h e f l u i d s u r f a c e i s zero a t a p o i n t where t h e i n s t a b i l i t y may a r i s e . This i s j u s t t h e g e n e r a l condition f o r mechanical s t a b i l i t y based on energy c o n s i d e r a t i o n s . It i s e q u i v a l e n t t o t h e mathematical statement t h a t a 2~/ a~2 = 0 , where U i s t h e f r e e energy of t h e system, and 3
i s t h e s u r f a c e coordinate [ 1 O] .
Somewhat i n e x p l i c a b l y , t h e Zeleny c r i t e r i o n f o r s t a b i l i t y of f l u i d i n t e r f a c e s has g e n e r a l l y been ignored o r overlooked i n t h e a n a l y s i s of s t r e s s e d conducting f l u i d s and LMIS.
2.
The electrodydrodynamic l i m i t :
In t h i s dynamic l i m i t , it i s assumed t h e r e a r e p r e s s u r e g r a d i e n t s which g i v e r i s e t o f l u i d flow. Hence, t h e p r e s s u r e i n t h e LY s t r e s s balance c o n d i t i o n i s t r e a t e d a s a time-dependent q u a n t i
t y . Fluid flow i s now included i n t h e d e s c r i p t i o n of t h e deformation of t h e f l u i d s u r f a c e i n response t o t h e applied e l e c t r i c f i e l d . I n t h e EHù l i m i t , t h e i n s t a b i l i t y i s determined by solvi n g boundary c o n d i t i o n s f o r t h e v e l o c i t y and e l e c t r o s t a t i c p o t e n t i a l s , and t h e f l u i d s u r f a c e deformation. Then, from t h e t h e -d e p e n d e n t LY s t r e s s balance condition, one o b t a i n s t h e d i s p e r s i o n r e l a t i o n w h e r e w i s t h e angular frequency of t h e perturbed eigenmode and k is t h e wavevector.
A hydrodynamic i n s t a b i l i t y occurs when w2 <0[4,111. p h y s i c a l l y , t h e amplitude of t h e eigenmode u i n c r e a s e s without l i m i t l e a d i n g t o an i n s t a b i l i t y , because t h e f l u i d cann o t follow t h e o s c i l l a t i o n of t h a t mode.
It is important t o recognize t h e d i f f e r e n t physics, and c r i t e r i a , necessary t o d e s c r i b e t h e o n s e t of f l u i d i n s t a b i l i t y i n t h e EHS and EHù cases.
Chung, e t . a1 [2] have given a d e t a i l e d a n a l y s i s of an EHS i n t e r p r e t a t i o n of t h e Taylor cone model. W e b r i e f l y summarize some of t h e i r conclusions.
Their r e s u l t s of t h e a n a l y s i s of t h e Taylor model can be s t a t e d a s follows: A c o n i c a l i n t e r f a c e between two f l u i d s can e x i s t i n equilibrium i n t h e presence of an e l e c t r i c f i e l d , only i f i) t h e cone has a semi-vertex angle of 49.3O(Fcx); ii) Ap=0 a c r o s s t h e i n t e r f a c e , and iii) t h e counter-electrode has a shape given by r=r, [R,(cos 8 ) I -~. [5, 7] F u r t h e m o r e , using E q . The Taylor form of t h e s t r e s s balance condition, Eq. 2, i s obtained assumi n g Ap=0 i n t h e g e n e r a l LY condition. What i s t h e v a l i d i t y of assuming Ap=O? This q u e s t i o n has been addressed and discussed i n Ref. 7, 8, and 9, and w i l l not be t r e a t e d f u r t h e r h e r e o t h e r than t o observe t h a t i n Our dynamic treatment of t h e " c o n i c a l " model, we f i n d t h a t ApfO a f t e r deformation ( s e e Section IV).
The cone i s t r e a t e d a s a h y d r o s t a t i c o r q u a s i -s t a t i c equilibrium shape. However, t h e Taylor s t r e s s condition is regarded a s simultaneously a c r i t e r i o n f o r s t a b i l i t y , y i e l d i n g vcT. I f t r u e (i.e., i f Eq. 4 is v a l i d ) , then t h e Taylor s t a b i l i t y c r i t e r i o n p r e d i c t s an o v e r a l l -o r g l o b a l -
breakdown simultaneously a c r o s s t h e e n t i r e s u r f a c e of t h e cone. This has never been observed experimentally i n 3 study of s t r e s s e d conducting f l u i d s o r LMIS[8,9,12,131.
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The cone h a s a s i n g u l a r i t y a t t h e apex, where t h e f i e l d beconies i n f i n i t e . This i s obviously incompatible with a s t a t i c equilibrium shape. The sigh i f i c a n c e of s i n g u l a r i t i e s on s t a b i l i t y and breakdown was f i r s t discussed by Chung, e t . a1.[141 i n t h e a n a l y s i s of an i d e a l c u s p i d a l model a s a s t a t i c equilibrium shape.
The r e s u l t s of Our c a l c u l a t i o n s suggest t h a t t h e dynamical treatment of an equilibrium shape and s t a b i l i t y can r e s o l v e t h e apparent c o n t r a d i c t i o n s and/or inc o n s i s t e n c i e s i n t h e Taylor model.
It i s shown t h a t a t t h e o n s e t of i n s t a b i l i t y , t h e ' s t a t i c ' cone deforms i n t o a c u s p i d a l form, a highly l o c a l i z e d i n s t a b i l i t y i s p r e d i c t e d and l a s t l y t h a t ApfO. It i s a l s o concluded t h a t Ap=O is a necessary b u t n o t s u f f i c i e n t c o n d i t i o n f o r t h e o n s e t of a dynamic i n s t a b i l i t y . This i s i n aqreement with Gabovich.[9]
To o b t a i n t h e s e r e s u l t s , we have assumed t h a t t h e most g e n e r a l form of the LY s
t r e s s c o n d i t i o n i s where s u b s c r i p t I o ' r e f e r s t o t h e s t a t i c l i m i t , and , C2 i s t h e v e l o c i t y p o t e n t i a l .
Since t h e f l u i d v e l o c i t y ;=-?a, flow i s no" introduced i n t o t h e problem. Before d i s c u s s i n g t h e EHD c a l c u l a t i o n s , we b r i e f l y review t h e EHS a n a l y s i s of t h e s t a b i l i t y of t h e Taylor cone; Chung, e t . a1.121 have given a cornpiete treatment of t h e s t ab i l i t y of both simple and a r b i t r a r y shaped f l u i d s u r f a c e s i n t h e EHS l i m i t .
III. AN ELECTROHYDROSTATIC ANALYSIS OF THE STABILITY OF SIMPLE COORDINATE SURFACES:
THE TAYLOR CONE.
The o b j e c t i v e of t h i s a n a l y s i s i s to determine t h e s t a b i l i t y of some known s t a ti c ( o r q u a s i -s t a t i c ) equilibrium shapes. It i s necessary t o know S, which r e q u i r e s a knowledge of t h e c u r v a t u r e and the e l e c t r o s t a t i c f i e l d a p p r o p r i a t e f o r t h a t shape
when an e x t e r n a l v o l t a g e is applied.
In g e n e r a l , f o r a r b i t r a r y shapes, t h e curvat u r e and f i e l d s must be obtained numerically[l,81r and t h e a n a l y s i s f o r t h e o n s e t of i n s t a b i l i t y done by a s p e c i a l procedure of numerical simulation of t h e f l u i d s u r f a c e a s a f u n c t i o n of a p p l i e d voltage. This i s described i n t h e papers by Chung, e t . a l . 11 i21. C e r t a i n simple coordinate s u r f a c e s ( o r shapes) a r e e s p e c i a l l y u s e f u l because t h e r e a r e experimental images [5, 13] t o suggest t h a t each of t h e s e shapes has been observed p r i o r t o o r d u r i n g t h e o n s e t of i n s t a b i l i t y . Furthermore, f o r each of t h e s e coordinate s u r f a c e s , t h e cone, t h e cusp and t h e hyperboloid of r e v o l u t i o n , t h e curvat u r e and t h e e l e c t r o s t a t i c f i e l d can be obtained a n a l y t i c a l l y , s o t h a t S can be evaluated. Therefore, t h e s t a b i l i t y a n a l y s i s can a l s o be done a n a l y t i c a l l y , a l b e i t sometimes approximately.
W e h e r e consider only t h e s t a b i l i t y a n a l y s i s of t h e cone usinq t h e Taylor and Zeleny c r i t e r i a . The d e t a i l s a r e qiven i n Ref. 2 f o r t h e cone and t h e o t h e r equilibrium shapes.
When t h e Taylor c r i t e r i o n ( i . e . , m. i ) The Taylor cone i s a n i s o b a r i c s u r f a c e , with, i n f a c t , PO.
i i )
Other cones w i t h semi-vertex angle n o t equal t o 49.3O a r e net i s o b a r i c s u r f a c e s . That i s , Ap v a r i e s i n value from p o i n t t o p o i n t on t h e surface.
In t h e n e x t conclusion, we a n t i c i p a t e r e s u l t s from t h e complete EHS a n a l y s i s of s t a b i l i t y .
iii) The Taylor cone i s unique i n t h a t i t i s t h e only shape of a simple coordin a t e system which i s allowed h y d r o s t a t i c a l l y . When a p p l i e d t o t h e Taylor cone, t h e Zeleny s t a b i l i t y c r i t e r i o n t a k e s t h e form ( a~/ a 0 ) & 0~= 0 w h e r e S i s s t i l l given by Eq. 2 a p p l i e d t o t h e Taylor cone. This can be solved f o r t h e c r i t i c a l v o l t a g e where V o i s t h e non-integral index of t h e Legendre f u n c t i o n and r is t h e p o s i t i o n coo r d i n a t e w i t h o r i g i n a t t h e apex of t h e cone. An a n a l y s i s of Eq. 6 l e a d s t o t h e following conclusions: i) (&S/a0),,, <O a s *O, s o t h e cone is u n s t a b l e near t h e apex. A t r=O (i.e., apex), the0cone spontaneously d i s i n t e g r a t e s .
One of t h e c o n t r a d i c t i o n s i n t h e
ii) vCZ=vcZ(r), and t h e r e f o r e p r e d i c t s l o c a l breakdown.
When a s i m i l a r a n a l y s i s i s done f o r t h e c u s p i d a l model a s an equilibrium shape, i t is found t h a t [ 2 1
i )
The cusp i s n o t an i s o b a r i c s u r f a c e , and t h e r e f o r e cannot be a s t a t i c equilibrium shape.
The cusp is spontaneously u n s t a b l e near and a t t h e apex. The reason is t h a t t h e high f i e l d s t r e s s e s , due t o t h e s i n g u l a r shape, exceed t h e mechanical s t r e s s e s .
S e v e r a l important conclusions emerge from t h e complete EHS a n a l y s i s .
A.
Taylor cone model:
The parameter vcT, obtained from t h e Taylor s t a b i l i t y c o n d i t i o n i s t h e v o l tage necessary t o form a s t a t i c f l u i d cone w i t h t h e Taylor angle. I t is n o t t h e c r i t i c a l o r threshold v o l t a g e f o r t h e o n s e t of i n s t a b i l i t y .
2. I n t h e EHS l i m i t t h e e x i s t e n c e of a s i n g u l a r i t y a t t h e apex (whether mathem a t i c a l l y , o r "physically" induced) i s e s s e n t i a l f o r t h e development of an i n s t a b i l i t y t h e r e .
3.
The q u a n t i t y , vcZ, c a l c u l a t e d from t h e use of Zeleny s t a b i l i t y c r i t e r i o n , s ' = O , i s t o be i n t e r p r e t e d a s t h e a d d i t i o n a l voltage, over and above vcT f o r t h e f l u i d t o d i s i n t e g r a t e i n t h e EHS model. Cuspidal shape:
1. ~t o r near o n s e t of i n s t a b i l i t y where c u s p i d a l shapes a r e observed experimentallyil31, a n EHD treatment i s necessary t o d e s c r i b e a c c u r a t e l y t h e shape and c r i t i c a l v o l t a g e f o r t h e o n s e t of i n s t a b i l i t y .
C.
It i s conjectured t h a t none of t h e simple coordinate s u r f a c e s , except t h e Taylor cone, a r e allowed s t a t i c equilibrium shapes. However, according t o t h e Zeleny c r i t e r i o n , t h e Taylor cone i s spontaneously unstable. In summary, t h e r e s u l t s of t h e p r e s e n t electrohydrodynamic c a l c u l a t i o n s have demonstrated t h a t an a p r i o r i treatment of t h e equilibrium shape and s t a b i l i t y of a s t r e s s e d conducting f l u i d is f e a s i b l e . I n a s p e c i f i c a p p l i c a t i o n , we have p r e d i c t e d t h e dynamic shape and c r i t i c a l v o l t a g e of an operating LMIS a t t h e o n s e t of i n s t a b i li t y t h a t is i n good agreement w i t h e x p r i m e n t .
D.

